A b s t r a c t. The paper is concerned with econometric modeling of the dynamic spatial processes on the example of the GDP per capita in selected European countries. The considerations of the paper are focused on investigations of the structure of components of the spatiotemporal process. As a result of the analysis some specifications of the dynamic spatial models have been obtained. Next the issues of the estimation and verification of the models are presented. The main conclusion from the analysis is that the econometric models of the spatio-temporal processes ought to be of the dynamic character, e.g. considering the spatial and spatio-temporal trends and spatial, temporal and spatio-temporal autodependence as well.
Introduction
The paper presents the methodology of econometric modeling of the internal structure of dynamic spatial processes. The considerations recapitulate the results of the previous analyses (see : Szulc, 2008 : Szulc, , 2009a : Szulc, , 2009b ).
An empirical illustration of the considerations is the spatio-temporal distribution of the GDP per capita in selected European countries. They are: Austria, Germany, the Czech Republic, Slovakia and Hungary. The data relate to the established regions according to the European classification system NUTS and they are taken from the data released by EUROSTAT.
In Szulc (2008) the GDP per capita across the separated area in 2004 was analysed. The componential structure of the single "pure" spatial process ( ) i Z s , observed on the plane at the spatial locations
, where i = 1, 2, ..., 84, was investigated. In Szulc (2009a) , i =1, 2, ..., 84, t =1, 2, ..., 7, was investigated. Thus the conditional, in relation to time, approach to the analysis of the spatio-temporal process was undertaken. Then the conclusions concerning the total spatio-temporal structure, leading to the appropriate empirical model, were formulated only in reference to the so-called spatiotemporal trend. Moreover some probable specification of the dynamic spatial model was proposed. In Szulc (2009b) the approaches, mentioned above, were connected with one another by presenting more extended models which described the componential structure of the spatio-temporal process ( )
, i = 1, 2, ..., 84, t = 1, 2, ..., 7.
In the investigations the following assumptions were received: 1. The economic spatial processes demonstrate spatial and/or spatio-temporal trends, which are identified as the mean value of the process, changing in space and/or in time. 2. They usually demonstrate autodependence too, which in the structure of the process creates the autoregressive component. 3. The autoregressive component creates the homogeneous/stationary spatial or/and spatio-temporal process.
It means, that for the spatial process ( ) i Z s there is assumed the basic structure of components, which symbolically may be written down in the following general form:
(1)
In turn, in the case of the spatio-temporal process ( ) t Z i , s , the basic structure of components may be symbolically presented in the form as follows:
(2)
The symbols in the formulas (1)-(2) signify:
s -respectively, spatial and spatio-temporal trend which is usually expressed in the form of the two-dimensional (three-dimensional) polynomial function of the co-ordinates of the location on plane (and of the time variable);
-summable spatial and spatio-temporal shift operators, defined in such a way, that W (the matrix of spatial connections) causes the variable to be shifted in space, whereas u (the backwards shift operator) causes the
-spatial and spatio-temporal white-noise processes.
Investigating the Trend Structure
In the investigations of spatial trends the hypothesis of two-dimensional polynomial trend was used. The expression of the form:
where:
-the co-ordinates of the location on the plane, i = 1, 2, ..., N -indexes of the investigated spatial units, k + m ≤ p, presents the spatial trend of degree p.
The models with the trend of the 1 st , 2 nd and 3 rd degree were estimated and verified successively. In all cases the models of the 1 st degree appeared the best. The results of the estimation and verification of the models are presented in Table 1 . Finally it was confirmed that the spatial trends occurred in all years of the investigated period. Figure 1 presents the theoretical surfaces of the trend. Almost parallel location of the surfaces show that the spatial trends of the GDP per capita across the investigated area in substance do not change with regard to the forms in the successive years. The surfaces referring to the consecutive periods are located higher and higher in relation to the axis of the GDP per capita values, which means, that the mean value of the GDP per capita in the regions grows in time.
The results of investigating the spatial trends include the information on the spatio-temporal trend of the GDP. Usually such a trend may be described with the three-dimensional polynomial function of the following general form:
where: t -time variable, k + m + l ≤ p, other significations -like in (3).
In particu 
where: ( ) i Z s , ( ) j Z s -values of the process of interest at locations i and j, Z − the mean value of the process, w ij -the spatial weight of the link between i and j. 
Conclusion 2
The values of the GDP per capita in the neighbouring regions are similar to one another.
In the successive years the values of the Moran's statistic were decreasing.
Conclusion 3
The resemblance among the values of the GDP per capita in the neighbouring regions decreases in time.
For investigating the spatial range of the autocorrelation two methods were used. The first one consisted in calculating and verifying significance of the appropriate Moran's statistics, assuming the neighbourhood of different orders, while the second one consisted in using the classic correlation coefficient, calculated for each of the established spatial shift. The significance of the coeffi-cients of the 1 st and 5 th order or of the 1 st , 3 rd , 4 th and even 5 th order was confirmed (according to the used method) 1 .
Conclusion 4
The spatial autocorrelation of the GDP per capita across the investigated area may relate not only to the so-called nearest neighbours.
With regard to the diversity of meaning of the results concerning the spatial autocorrelation of the higher orders which were obtained with the help of different methods, the autocorrelation of the 1 st order was admitted as the most possible.
Modeling of the Trend-Autoregressive Structure of the Spatial Process
The analysis of the trend and autoregressive structure of the GDP per capita across the separated area in the successive years led to the following conclusion:
Conclusion 5
The following form of the spatial econometric model of the GDP per capita should be proposed: Table 3 .
The obtained empirical models are characterized by significant parameters. The residuals of the models do not show any autocorrelation. Thus, it should be admitted, that the dependence of the 1 st order is sufficient to be taken into account in the autoregressive structure.
Modeling of the Trend-Autoregressive Structure of the Spatio-Temporal Process
The investigations allow to specify the model referring to the total spatiotemporal structure of the analyzed process. The successive versions of the spatio-temporal models of the GDP process are presented below. The model of the form (9) is a direct result of the previous settlements, while the next models came into existence by respecification of this model. 
Model with Spatio-Temporal Trend and Spatial Autocorrelation
The separated spatial analyses for each point in time and the comparison of the obtained results induced to formulate the general conclusion relating to the total spatio-temporal structure of the investigated process in the form of the theoretical model as follows:
The results of the estimation and verification of the model (9) are presented in Table 4 . The model with the spatio-temporal trend and spatial shifts is characterized by significant parameters; the residuals do not show any autocorrelation and it is better than the model which takes into consideration only the trend.
Model with Spatio-Temporal Trend and with Spatial and also with Time Autoregression
The existence of the very strong time autocorrelation of the GDP per capita (the coefficient of time autocorrelation of the 1 st order for the residuals of the model with the spatio-temporal trend of the 1 st degree equals 0.9951) justifies including the component GDP i,t-1 into the model which describes the structure of the GDP process. Thus, the next specification of the model is following: 
The results of the estimation and verification of the model (10) are presented in Table 5 .
Apart from the improvement in the general degree of the model fitting, it cannot be treated as the final one because the autocorrelation appeared in the residuals.
Model with the Spatio-Temporal Trend and with Spatial, Time and Spatio-Temporal Autoregression
Just as the coefficients of the spatial and time autocorrelation, the coefficient of the spatio-temporal autocorrelation of the 1 st order appeared significant. Its value amounted to 0.1636. Therefore the next model of the GDP spatio-temporal structure additionally takes into consideration the component W(GDP i,t-1 ). It has the following form: The results of the estimation and verification of the model (11) are presented in Table 6 . The considered model is characterized by significant parameters. The residuals of the model do not show any autocorrelation. According to its general fitting to the data it is the best among all the models proposed in this paper.
Final Remarks
The considerations of the paper confirm that investigating the properties and structures of spatial and spatio-temporal economic processes is important for modeling of them.
The econometric models of the spatio-temporal processes should have the dynamic character. It is expressed in the appropriate specification of the trendautoregressive structure, characterizing temporal, spatial and spatio-temporal tendencies and the lags and spatial or/and spatio-temporal shifts of the observed dependence.
The GDP per capita across the separated area in the investigated period realizes the spatio-temporal process, which shows the spatio-temporal trend and the spatial and spatio-temporal autodependence. The specification of the dynamic spatial model for the GDP per capita caused that a "good" empirical model was obtained.
